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Abstract

The rare decay BY — K*0¢T¢~ is a flavour changing neutral current decay with
a high sensitivity to physics beyond the Standard Model. Nearly all theoretical
predictions and all experimental measurements so far have assumed a K*0 P-wave
that decays into the K7~ final state. In this paper the addition of an S-wave
within the KT~ system of B — K*/*¢~ and the subsequent impact of this on
the angular distribution of the final state particles is explored. The inclusion of the
S-wave causes a distinction between the values of the angular observables obtained
from counting experiments and those obtained from fits to the angular distribution.
The effect of a non-zero S-wave on an angular analysis of BY — K*0¢/*/~ is assessed
as a function of dataset size and the relative size of the S-wave amplitude. An S-wave
contribution, equivalent to what is measured in B — J/) K*0 at BaBar, leads to a
significant bias on the angular observables for datasets of above 200 signal decays.
Any future experimental analysis of the K7~ ¢*{~ final state will have to take the
S-wave contribution into account.
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1 Introduction

The description of flavour physics in the Standard Model (SM) has so far accurately
matched the observations in the data from the B factories, the Tevatron and the LHC very
well. However, there are several fundamental questions which do not have an explanation
within the SM such as the mass hierarchy of the quarks and why there are three generations.
To avoid creating large flavour changing neutral currents, any physics beyond the SM
that contains new degrees of freedom that couple to the flavour sector is required to be at
an energy scale of multiple TeV or to have small couplings between the generations, i.e.
couplings that closely mimic those of the SM. The measurement of the inclusive b— s
width [1] is one of the strongest constraints on new physics from the flavour sector; for the
exclusive decays, B — K*°/*{~ is of major importance.

The analysis of B — K*%¢*¢~ is based on the evaluating the angular distribution
of the daughter particles [2]. How to extract the maximal amount of information from
the decay while keeping uncertainties from QCD minimal has recently attracted much
interest [3H8]. The results from the experimental analyses of B®— K*°¢* ¢~ [9-12] have
focused on the forward backward asymmetry of the dimuon system (Apg) and the fraction
of longitudinal polarisation of the K*° (F},) as a function of the dimuon invariant mass.

With the acquisition of large data sets of BY — K*%¢T¢~ decays, scrutiny is required of
assumptions that have been made in current experiments. Nearly all theoretical papers to
date use the narrow width assumption for the K7~ system meaning that the natural
width of the K*°(892) is ignored. This means there is no interference with other K+~
resonances. Existing B®— K*%¢T¢~ analyses consider B° — K*%¢*¢~ signal with K+7~
candidates in a narrow mass window around the K*°(892). However, in this region there
is evidence of a broad S-wave below the K*(892) and higher mass states which decay
strongly to K7, such as the S-wave K3°(1430) and the D-wave K3°(1430) [13]. The
best understanding of the low mass S-wave contribution comes from the analysis of K7~
scattering at the LASS experiment [14].

The interference of an S-wave in a predominantly P-wave system has previously been
used to disambiguate otherwise equivalent solutions for the value of the CP-violating phase
in BY [15] and B? [16] oscillations. In the determination of o, in the B?— J/) ¢ decay it
was also shown that it is required to take the S-wave contribution into account [17] and
this has subsequently been done for the experimental measurements [18-20].

In this paper, we detail how a generic K7~ S-wave contribution to B® — K*0¢*¢~
can be included in the angular analysis. Firstly, we develop the formalism set out in [21]
to explicitly include a spin-0 S-wave and a spin-1 P-wave state in the B — K+tg=¢t¢(~
angular distribution. Here K*° is used for any neutral kaon state which decays to K+ 7.
The impact of an S-wave contribution on the determination of the theoretical observables
is evaluated in two ways: in the first we look for the minimum sample size in which an
S-wave contribution (such as measured in [15]) significantly biases the angular observables;
secondly we determine, for a given sample size, the minimum S-wave contribution needed
to bias the angular observables. We then demonstrate how the S-wave contribution can
be correctly taken into account and evaluate the effect of this on the statistical precision



that can be obtained on the angular observables with a given number of signal events.

2 The B — K*°¢t¢~ angular distribution

The differential angular distribution for B — K*°/* ¢~ is expressed as a function of the
five kinematic variables (cos 6, cos O, ¢, p* and ¢*). The angle Ok is defined as the angle
between the K+ and the B momentum vector in the rest frame of the K*°. The angle ; is
similarly defined between the ™ in the rest frame of the dilepton pair and the momentum
vector of the B?. The angle ¢ is defined as the signed angle between the planes, in the rest
frame of the B?, formed by the dilepton pair and the K7~ pair respectivelyE] The mass
squared of the K7~ system is denoted p? and the mass squared of the dilepton pair ¢?.
The angular distribution is given as a function of cos#;, cosfx and ¢ as

d°r 3
= It + 215 + (I§ + 2I3) cos 20, + 215 sin® 0, cos 2
dg2dp2dcosfxdcoshde 8 ( T+ 207 + (15 + 215) cos 20, + 215 sin” 6, cos 2¢

+ 2v/21, sin 26, cos ¢ + 2v/215 sin 6, cos ¢+ 215 cos b, (2.1)

+ 2\/517 sin 6, sin ¢ + 2\/5[8 sin 260, sin ¢ + 2\/5[9 sin? 6, sin 2<b>

Ignoring scalar and tensor contributions, the complete set of angular terms are

c 2 2 le * ml2 2
I7 = |Aor|” + [Aor|” + 8?%(«%0“430) Jr‘l?|v‘lt| :

s_ O 2 2 ; 4mj
1 =7 (AulP+ MLl + (L= R) (1= =57 )+ =5 R (ArsArs + AnjAry)
I§ = - (|-AL0|2 + |~AR0|2) ;
1
I3 = 287 (MAwl* + AL + [Agy [* + [AnL )
1
Iy = 5512 (Mo P = [Awy|* + AL — [Ary?)
1
Iy = Eﬁf (R(ALoAL)) + (L = R)) (2.2)
Iy = V2B (R(Ao A} ) — (L > R)) |
Is =20 (%(ALH-A*LJ_) —(L— R)) ,
I = V2p, (S(ApAyy) — (L = R)) ,
1
Iy = —2552 (S(ApoAL) + (L — R))

>
Iy = B} (S(AgALL) + (L — R))

2This is the same sign convention for cosd; and cos @k as used by the BaBar, Belle, CDF and LHCb
experiments [9H12] and the same ¢ convention as used in LHCb [22].
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where Ao, 1,4 are the K*° helicity amplitudes and 7 = /1 — 4m7/¢? [2]. In this paper
the lepton mass is assumed to be insignificant, such that the angular terms with m? /¢
dependence can be neglected and 8, = 1 such that I; and I5 can be related by I§ = —If
and I35 = $13.

For a K7~ state which is a combination of different spin states, the amplitudes for a
given handedness (H = L, R) can be expressed as a sum over the resonances (J)

Anon(®®0*) =YV Ny Mymo(q®) Ps(p*) Y7 (0x,0),

J>0

Ap (0%, ¢°) Z V Ny Mywy(q®) Pr(p®) Y (0k,0),

J>1

(2.3)

where YJ"(0,0) are the spherical harmonics, M is the matrix element and P;(p?) is the
propagator of the spin state which encompasses the p? dependence. A detailed description
of the spin-dependent matrix elements and normalisation factors can be found in Ref. [21].

3 Angular distribution of B' — K+Tn~—£1¢~ for a com-
bined S- and P-wave

For K7~ masses below 1200 MeV | the contribution to the amplitudes from the D-wave
K*°(1430) is so small that it can be ignored and only the J = 0,1 terms in the sums of
Eq. will be considered. The S-wave contribution to these amplitudes only enters in Ay

giving
1 3
Ao = Ao w0+ A\ —A1 0 cos Ok,
NI dr

/3

.AHH 47TA1’H’H COS QK, (31)
/3 .

AHJ_ = SWALH,J_ sin O,

where the spherical harmonics are expanded, leaving the propagator and the matrix element
as part of the spin-dependent amplitudes

Aoro < Mo wolq? P
Al,H,o 0.8 ]\/[1,H,0(€]2 Pl<p2 )

) Bl (3.2)
Ay g o< My i(q°) Pi(p?),
Ay o< Mygy(q°) Pi(p?),

where the first index denotes the spin and the normalisation from the three-body phase
space factor is omitted. The propagator for the P-wave is described by a relativistic

3Natural units are assumed throughout this paper
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Breit-Wigner distribution with the amplitude given by
1

2 2 ; 2
mKTO - P +1 mKTOFKfO(p )

Pi(p*) = (3.3)

where myo is the resonant mass and

Lo (p®) = Dhero (%)3 <m;f0) 5 ((;1]%%}; >) (3.4)

the running width. Here ¢ is the K+ momentum in the rest frame of the K7~ system
and tg is t evaluated at the Kt7~ pole mass. B is the Blatt-Weisskopf damping factor [23]
with a radius Rp. The amplitude can be defined in terms of a phase (J) through the
substitution

cotd = miqo v (3.5)
Ly K30 (pQ)meO '
to give the polar form of the relativistic Breit-Wigner propagator
P(p?) = —— (3.6)
cotd — i

The LASS parametrisation of the S-wave [14] can be used to describe a generic K*7n—
S-wave. In this parametrisation, the S-wave propagator is defined as

1
cotop — 1

1 2

g )p (3.7)

p

Py(p?) = = _
o(p”) t cotdp — 1
where the first term is an empirical term from inelastic scattering and the second term is

the resonant contribution with a phase factor to retain unitarity. The first phase factor is
defined as

1 1
top = —+ =rt 3.8
cot 0p = — + 5"t (3.8)
where r and a are free parameters and t is defined previously, while the second phase

factor describes the K3°(1430) through

m2 —p2
top = —> " 3.9
cot dp TS (P)ms (3.9)

Here, mg is the S-wave pole mass and I'g is the running width using the pole mass of the
K;°(1430). The overall strong phase shift between the results from the LASS scattering
experiment and measured values for B — J/i) KTn~ has been found to be consistent
with 7 [15]. The parameters for the p? spectrum used in this paper are given in Table



Table 1: Parameters of the K7~ resonances used to generate toy data sets. The K*
masses and widths are taken from Ref. [13] and the K}" Blatt-Weisskopf radius and the
LASS parameters are taken from Ref. [24]

State. mass r R r a g
(MeV) (MeV) | (GeV)™1 | (GeV)™! | (GeV)™!
K% | 894.94+0.22 | 48.74+ 0.8 3.0
KSO 1425 £+ 50 270 £ 80 1.0 1.94 1.73 7

77777

complete set of angular terms expressed in terms of the spin- dependent amplitudes is

Iy
Iy =

I

I3 =

I5

V3

1 3
= —\AOLO\Q + —]AlLo\z cos? Ok + 2—]A0L0HA1L0\ coS (550 cosfi + (L — R)

3 3 .
137 (JAiz? + |AiL ]+ (L = R)) sin® O
(& S 1 S
= Il I2 = 511
13
58_ |A1Ll| —|A1LH| +(L—>R)> sin 0[{
[ AOLOAILH)COS(S()HSanK
3 /1
4— 23? AipoAiy)) sinbg cos Ok + (L — R)
1 1 /3
- [_ \[ R(AozoA]L L) cos ok | sin O
3 /1
E 2?)% AipoAi ) sinfg cosbx — (L — R) (3.10)

[6 = 2i §R AlLHAlLJ_) (L — R)) sin2 0[{

1
2 [ AOLOAlLH)COS(S(]HSlneK

3

1
E\/;% (AiroAjp) sinbk cosb — (L — R)




1 1 3 * .
Iy = /2 E\/;%(AOLOAHJL)COS 85y sin O
3 /1 . ‘
+ e §§(A1L0A1Ll) sin O cos Ok + (L — R)
T
3 & * .9
Iy = 3 (S(AiLAfLL) + (L — R)) sin® Ok

The interference term of I; shows how this parametrisation encompasses the strong phase
difference between the S and P-wave state. The left handed part of the interference term
for I; can be written as

2| ool A1ro| cos 85 ox 2| Mo, 1 0l| Po(p®) || Ma, 1ol | Pi(p*)] cos(65,) (3.11)
where
5(%:0 = 5MOLO + 5P0 - 5M1L0 - 5P1‘ (3'12)

where dp,,, is the phase of the longitudinal matrix element and dp, is the phase of the
propagator. The phases in the interference terms for I, 575 can be similarly defined. For
real matrix elements, i.e. nearly true in the Standard Model, the phases are equal for both
handed interference terms 0% = 6%. The phase difference between the S-wave and the
P-wave propagators can be expressed as a single strong phase, ds.

The p? spectrum for the BY — K*7~¢*{~ angular distribution can be calculated by
summing over the S- and P-waves and integrating out the cos#;, cos 0 and ¢ dependence.
This is illustrated in Fig. [1| where the matrix elements from Refs [4,6] at a ¢* value of
6 GeV? are used. Here the S-wave amplitude is assumed to be equivalent to the longitudinal
P-wave amplitude. The S-wave fraction in the 800 < p < 1000 MeV window around around
the P-wave is calculated to be 16% when using this approximation. As will be seen later
there are no interference terms left in the angular distribution after the integral over
cos Oy .

4 The effect on B°— Ktn£¢7¢~ observables

So far the forward-backward asymmetry (Apg), the fraction of the K*° longitudinal

polarisation (F}) and two combinations of the transverse amplitudes (A2 and Ay, ) have

been measured. As such, these are the observables that will be concentrated on here.
App is defined in terms of the amplitudes as

A (q2) _ §%(A1L||ATLL) - 9Ce(félll'%llfp1<}zi)
o 2 [Awl+ Ay 2+ AP

(4.1)

for a pure P-wave state where the generic combination of amplitudes A j; A%, is defined as

AJzAT]Z — AJZ'LATHL + AJiRAT]iR' (42)
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Figure 1: An illustration of the p? spectrum for the P-wave (dashed) and the S-wave
(dash-dotted). The total distribution from both states is the solid line. The values were
calculated at ¢> = 6 GeV? by integrating out the angular distribution of B® — K7 (¢~
using equal matrix elements for each state. The S-wave fraction here is 16% between
800 < p < 1000 MeV

where i € {0,]|, L,t} and J = 0,1. The factorisation of the amplitudes into matrix
elements and the propagators removes the p? dependence from the theoretical observables.
In a similar way, Fy,, A% and Ay, are defined as

) = T
| Aol + [Ay |2+ [Ar L [?
A (q?) = Al Aul
[ A2 + Ay 2 (4.3)
=(1-F) Al — Ayl ,
|Aio|? + | Ay |2 + |ArL|?
A (@) S(Ay A7)

A2+ |Aqpp|? + [Ar[*

These theoretical observables are normalised to the sum of the spin-1 amplitudes. In
terms of the angular distribution, Apg can also be expressed as the difference between the
number of ‘forward-going’ put and the number of ‘backward-going’ u* in the rest frame of

the BY,
e ar - dr
— [ |deosbmr——0r /o 44
{/0 /1} cos ldqzd cos Ql/dQQ (4.4)

which explains the name of the observable. In Ref [22], this expression was used to
determine the zero-crossing point of Agg. The inclusion of the S-wave in the complete
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angular distribution means that Apg can no longer be determined by experimentally
counting the number of events with forward-going and backward-going leptons, as Egs.
and are no longer equivalent. However, as the S-wave has no forward-backward
asymmetry, no bias occurs in the determination of the zero-crossing point by ignoring the
S-wave. The total normalisation for the angular distribution changes to the sum of S- and
P-wave amplitudes,

r

" dQF
dp2dq2 = ’A10‘2 + |141|||2 + ‘Alj_|2 + ’A00‘2. (45)

such that there is a factor of

Aqol? Aql? A2
| Asol® + [ Ay |* + [ArL| ) (4.6)

Fe(p, ¢°) = (

PO =\ o+ A+ (AP + [P
between the pure P-wave and the admixture of the S and the P-wave. This is the fraction
of the yield coming from the P-wave at a given value of p? and ¢?. Similarly, the S-wave

fraction is defined as

Ago?
Fulh :< | Ago ) 4.7
s(p”,q7) |Ao]? + [Ag|2 + |A1L|? + | Ago|? (4.7)

and the interference between the S-wave and the P-wave as

As(p2 q2) :Lg ( |A0L0||A1L0|C085L+(L—>R) > (4 8)
7 2 \[Awl* + [Ay[* + AL + [Aoo|? .
Substituting the above observables into the angular terms gives
I 1 3 3
F—}/ = E}—S + E}"pFL cos? O + EAS cos Oy,
5 33
L =" " F(1-F)(1—=cos?
l—w 487Tfp( L) ( COS GK) )
5 i]—" +i]—" (1 — F) cos® O + iA cos Ok cos b
l—w - Ar S A P L K A S K K |
I35 13 9
= Zg}_}) (1—Fy) (1 — CoS QK) , (4.9)
Is; 13
= 58—7TFPA% (1 — cos® QK) ,
Ig 34
— =2— —FpApg (1 — cos?
T o 3FP FB ( COS 9K) )
F = 8_7TfPAIm (1 — COS 9[() .

For the purpose of this paper, a simplification of the angular distribution can be achieved
by folding the distribution in ¢ such that ¢’ = ¢ — 7 for ¢ < 0 [25]. The I, 575 angular



terms which are dependent on cos ¢ or sin ¢ are cancelled, leaving I; 236, in the angular
distribution:

d°r 3 ,
=— (I¢+2I% + (IS + 215 20, + 215 sin® 6 cos 2
dg?dp?dcosfidcoshde’ 8 ( 1200+ (I + 213) cos 20, + 215 sin” 6y cos 2¢

215 cos §;, + 2v/2Iy sin? 6, sin 26 ) . (4.10)

Combining Equation with [4.9] gives the differential decay distribution,

il _ 2 4 AV
I dg2dp?dcosfxdcosfd¢’ 167 ( <3.7:s + 3As cos K> (1 — cos” 6;)

+ Fp [QFL cos? Ok (1 — cos® 6))
1
+ 5(1 — F1)(1 — cos? O ) (1 + cos? 6))
1 /
+ 5(1 — F1)A2(1 — cos? O ) (1 — cos® ;) cos 2¢
4

+ gAFB(l — cos? O ) cos 0

+ A (1 — cos® O ) (1 — cos? §;) sin 2¢/} ) :
(4.11)

The angular distribution as a function of cos; and cos 6 is given be integrating over ¢

in Eq.

I dg2dp?d cosOd cost; 16 ( (3 s+ 3-'48 cos K) ( cos” 0;)

+ Fp [QFL cos? Ox (1 — cos® 6))
(4.12)

1
+ 5(1 — F1)(1 — cos? ) (1 + cos* )
4 2
+ §AFB(1 — cos” Ok ) cos b,

and further integration from Equation [4.11]yields the angular distribution for each of the



angles,

1 d°r 3 3
S 1— F(l—
I dg2dp2dcost, 4]:8( cos” b) + }_P[ L cos” by)
+ 2(1 — F1)(1 + cos® 0)) + App cos 61] ,
1 d°r 1
- 0
I dg2dp?dcostx 2]:S  Ascosfi

—l—]:p[ F}, cos® 0K+i(1—FL)(1—cos29K)},

L dT = P F+1(1 F1) A2 cos2¢ + Apy sin 2¢
- = — = —(1— coS m Sin .
(4.13)
The angular distribution can be integrated over p? using the weighted integral
JOW, ¢*) gam 0’
2 dp dq
O(¢?) = o (4.14)
dp2dq?

for the value of the observables integrated over a given region in p?. This leads to the
integrated observables Fp, Fy and Ag which are solely dependant on ¢?. By definition, the
fraction of the S-wave and the P-wave sum to one, Fs + Fp = 1. The complete angular
distribution without any p? dependence is given by

1 d’T 9 2 4
T = —F —A 9 1 — 2 9
I'" dg?2dcosfgdcost;d¢’ 167 ( (3 s+ 5 4s cos K) (1 — cos” 6)

+ (1 — Fs) {QFL cos? 0 (1 — cos® 6;)

1
+ 5(1 — F1)(1 — cos? 0 ) (1 + cos? )
1 /
+ 5(1 — F}) A3 (1 — cos® 0 ) (1 — cos® 6;) cos 2¢
4
+ §AFB(1 — cos? O ) cos b

+ A (1 — cos? O ) (1 — cos? 6;) sin 2¢,] > :

(4.15)
where the normalisation of the angular distribution is given by
;o dl
I =— 4.16
i (116)
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Figure 2: One-dimensional projections of (a) cosf;, (b) cosfg, (c) ¢ for the angular
distribution of BY — K*%/*¢~ with (blue-dashed) and without (red-solid) an S-wave
component of 7%. The dilution effect of the S-wave on the asymmetry in cosf; and the
asymmetric effect in cos @k can be clearly seen.

The ‘dilution’ effect of the S-wave can clearly be seen from the factor of (1-Fg) that appears
in front of the observables in Eq. [£.15]

The effect of an S-wave on the angular distribution as a function of cosfg, cos@;
and ¢ as illustrated in Figure . Here it is possible to see that the asymmetry in cos 6,
given by Apg, has decreased and that there is an asymmetry in cos 0 introduced by the
interference term.

5 Effect of an S-wave on the angular analysis
In an angular analysis of B® — K+7~¢*/~, the S-wave can be considered to be a systematic

effect that could bias the results of the angular observables. The implications of this
systematic effect are tested by generating toy Monte Carlo experiments and fitting the

11



Table 2: Parameters used to generate toy datasets. Apg, FL, A% and Ap, are taken from
Ref. [22] in the 1 < ¢ < 6 (GeV?) bin. The Fs value is taken from Ref. [15]

ObS. AFB FL A% Alm FS
Value | —0.18 | 0.66 | 0.294 | 0.07 | 0.07

angular distribution to them. The results of the fit to the observables are evaluated for
multiple toy datasets.

The effect of the S-wave is evaluated for two different cases. Firstly, the effect of
S-wave interference is examined as a function of the size of the dataset used. The aim
of this is to give an idea of the current situation and the possible implications on future
measurements of BY — K+tn=(*{~. Datasets of sizes between 50 and 1000 events are
tested. For comparison, the latest results from LHCb [22] have between 20 and 200 signal
events in the 6 different ¢ bins considered. Secondly, the effect of different levels of S-wave
contribution is examined. At present, the only information about the S-wave fraction is
the measurement of Fy of approximately 7% in the decay B® — Ji) KT~ from [15] for
the range 800 < p < 1000 MeV. As the value may be different in B® — K+tn=¢T(~, we
consider values of Fy in this region ranging from 1% to 40%. The fraction of the S-wave,
Fg, is expected to have some ¢? dependence because of the ¢> dependence of the transverse
P-wave amplitudes.

The parameters used to generate the toy datasets are summarised in Tables [I] and [2|
The values of the angular observables used to generate toy Monte Carlo simulations are
taken from the LHCb angular analysis of B®— K**u*u~ in the 1 < ¢ < 6 GeV? bin [22].
Within errors, these measurements are compatible with the Standard Model prediction for
B° — K*0¢*¢~ and the central value of the measurement is used. The nominal magnitude
and phase difference of the S-wave contribution are taken from the angular analysis of B°
— Jhp Ktn~ [15].

The toy datasets are generated as a function of the cos @, cos g, ¢ and p* using the
angular distribution given in Eq. .11} For each set of input parameters 1000 toy datasets
were generated. For each of these toy datasets, an unbinned log likelihood fit is performed
that returns the best fit value of the observables and an estimate of their error. The
expected experimental resolution is obtained by plotting the best fit values of an observable
for the ensemble of toy simulations as illustrated for App in Fig. |3| (left) The pull value for
an observable (O) is defined as

. 0L =0
= e (5.1)
(@)

where o, is the estimated error on the fit to the observable O'. This distribution is seen
in Fig. 3] (right). The mean and the width are extracted from a Gaussian fit. For a well
performing fit without bias, the pull distribution should have zero mean and unit width.
A negative pull value implies that the result is underestimated and a positive pull value
implies overestimation of the true observable.

12



300 300
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100 1 100} ;
0:"'-'0.'25 PR O:'-'4' S

Agg value Agg pull

Figure 3: Distribution of (left) the App results and (right) pull values for fits to 1000
toy simulations each containing 1000 events. The S-wave is ignored in these fits. The
resolution obtained is 0.026 + 0.001. Since the S-wave is ignored there is a non-zero pull
mean at (0.84 £ 0.03)o . The width of the pull distribution is consistent with unity at
(0.99 + 0.02)0.

2 2
.FL OAFB .AT DAlm .FL OAFB .AT DAlm
— —rTrTTTTT T — L e e e e e e

S 0-3_ T = T T ] 6\ 1: T T
= m 1 = -
= . ] 0.5F .
g 02_ L ] - ] é [ o o o o o 1
= 5 - o © © 1
= ] E OZ—E i " . om . ]
0.1+ - [ o o "R g
[ ¢ o _ 1 -0.5F e . o W
: ¢ e i . = ?
0 " PR " " "

0 200 400 600 800 1000 1 200 400 600 800 1000
Sample size (events) Sample size (events)
Figure 4: Resolution (left) and pull mean (right) of 1000 toy datasets analysed as a pure
P-wave state as a function of dataset size. It can be seen that the bias on the observable
increases dramatically as the sample size increases. This is because the statistical error

decreases increasing the sensitivity to the S-wave contribution. The bias of Agg is positive
because Apg in negative in the ¢ bin chosen.

5.1 The impact of ignoring the S-wave in an angular analysis of
B°— K*0¢te~

Firstly, the effect of an S-wave was tested as a function of dataset size in order to find a
minimum dataset at which the bias from the S-wave in the angular observables becomes
significant. Datasets were generated for sample sizes ranging from 50 and 1000 events and
analysed assuming a pure P-wave state. The results are shown in Fig. [dl
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Figure 5: Mean of the pull distribution of 1000 toy datasets analysed as a pure P-wave
state as a function of S-wave contribution. The bias can be seen to increase with the size
of the S-wave contribution in a linear fashion.

From Eq. [4.12] it can be seen that A% has a factor of (1-F) in front of it. The large
value of F}, used in generated the datasets is in turn causing A% to have a much worse
resolution than Apg, F}, and Ap,. There is significant bias (non-zero mean) of the pull
distribution for all observables when the S-wave is ignored for datasets of more than 200
events. This corresponds to a change of 0.20 in Fj, for a dataset of 200 events. The
behaviour can be understood in terms of the (1 — Fg) factor in Eq[4.12] It gives an offset
to the fitted value of the observables which are proportional to the value of Fs.

Secondly, the angular fit was performed on toy datasets with an increasing S-wave
contribution. Datasets of 500 events were generated with a varying S-wave contribution
in the narrow p? mass window of (800 < p < 1000 MeV) from no S-wave up to a Fy
value of 0.6. The resolution, the mean and width of the pull distribution for each of the
four observables (App, FL, A2, Ap,) were calculated and the results are shown in Fig. .
Significant bias is seen in the angular observable for an S-wave magnitude of greater than
5%. The linear increase in the bias is another consequence of the (1-Fg) factor.

5.2 Measuring the S-wave in B - K+tw—¢+¢~

Obtaining unbiased values for the angular observables beyond the limits shown requires
a measurement of the S-wave contribution rather than ignoring it. With the formalism
developed in Sect.4, three options are explored for measuring this. The first option is to
ignore the p? dependence and simply fit for p*-averaged values of Fg and Ag. The second
option is to fit the p? line-shape simultaneously with the angular distribution. This can
be done in a small p window between 800 and 1000 MeV or in the region from the lower
kinematic threshold to 1200 MeV. In all cases the datasets used to perform the studies
are identical to those used in Sect. 5.1. The difference is in how the fit is performed. In
each case, the dataset and the S-wave sizes refer to the number of events in the smaller p?
window.
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Figure 6: Resolutions for three different methods to incorporate the S-wave relative to the
resolution obtained when the S-wave is ignored. It can be seen that the best resolution is
obtained when using the largest p? window. The original resolution is recovered to within
10%.

The angular distribution without p? dependence is given in Eq. . for each set of
samples, we look at the resolution, the mean and the width of the pull distribution of the
angular observables.

The change in the resolution obtained on the angular observables for the three methods
of including the S-wave in the angular distribution is demonstrated by plotting the ratio
with respect to the resolution obtained when a single P-wave state is assumed.

The resolutions and the mean of the pull distributions for the three different fit methods
(ignoring the p? dependence, fitting a narrow p* window and fitting a wide p? window)
relative to the resolution and mean obtained using the assumption of a pure P-wave
state. The ratio between the fit methods including the S-wave in angular distribution and
assuming a P-wave state as a function of dataset size are shown in Fig[6] The pull mean
for all four fit methods is shown in Fig[7]
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Figure 7: Pull mean for the three different methods to incorporate the S-wave and when
the S-wave is ignored. There is a slight bias when the S-wave is included for datasets of
less than 200 events but this bias is removed from all the observables when the S-wave is
included in the fit for datasets of over 500 events.

For all observables, it can be seen that the resolution degrades when the S-wave is
included and the p? dependence is ignored. The resolution degrades by a smaller amount
when the p? dependence is included in a small bin and the original resolution is recovered
to within 10% when using the large p? range. There are two effects contributing to the
improvement of the resolution. There are more P-wave events in the larger range and
the wider mass window allows for the S-wave to be constrained by using the information
from above and below the P-wave resonance. This results in the best resolution when the
S-wave is included in the angular distribution.

For all the observables, the pull mean approaches zero for datasets of greater than 300
events implying that the bias present in all the observables when a pure P-wave state is
removed when an S-wave is included in the angular distribution. This means that the
inclusion of the S-wave component will be mandatory for all future experimental analyses.
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6 Conclusion

In summary, the inclusion of a resonant K7~ S-wave in the angular analysis of B® —
K*0¢*¢~ has been formalised and the complete angular distribution for both an S and P
wave state described. We find that the inclusion of an S-wave state has an overall dilution
effect on the theoretical observables. The impact of an S-wave on an angular analysis
is evaluated using toy Monte Carlo datasets. We find that the S-wave contribution can
only be ignored for datasets of less than 200 events. The bias on the angular observables
incurred by assuming a pure P-wave K7~ state can be removed by including the S-wave
in the angular distribution. The degradation in resolution on the angular observables from
fitting a more complicated angular distribution can be minimised by performing the fit in
a wide region around the K*°(892) resonance.
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